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Every infinite dimensional separable non-normable Fre chet space admits a con-
tinuous hypercyclic operator. A large class of separable countable inductive limits
of Banach spaces with the same property is given, but an example of a separable
complete inductive limit of Banach spaces which admits no hypercyclic operator is
provided. It is also proved that no compact operator on a locally convex space is
hypercyclic.  1998 Academic Press
In the article [1] S. Ansari solved a long-standing problem of Rolewicz
showing that every infinite dimensional separable Banach space admits a
hypercyclic operator. This result was obtained independently by L. Bernal-
Gonzalez [3]. An operator T on a locally convex space E is called hyper-
cyclic if Orb(T, x) :=[x, Tx, T 2x, ...] is dense in E for some x # E. In this
case x is a hypercyclic vector for T. A corollary of the main result of [1]
asserts that every separable Fre chet space (i.e. complete metrizable locally
convex space) admits a hypercyclic operator. Unfortunately the proof,
which is correct for Banach spaces, contains a gap in the case of non-
normable Fre chet spaces. Indeed, the proof is based on Remark 1 (4)
which is false, since it is very easy to show that the dual of every non-
normable Fre chet space E contains sequences (un)n such that (:nun)n is not
equicontinuous in E$ for every sequence (:n)n of strictly positive numbers.
See, e.g., [14, 3.1.4, p. 431].
Hypercyclicity of continuous linear operators on non-normable Fre chet
spaces has been considered by several authors like Gethner and Shapiro
[8], Godefroy and Shapiro [9] among others. In [9] the authors study
the hypercyclicity of partial differential operators with constant coefficients
on Fre chet spaces with a continuous norm as H(CN) or without a
continuous norm as C(RN ). Cyclic and hypercyclic vectors are of importance
in connection with invariant subspaces. An operator lacks closed non-
trivial invariant subspaces (respectively, subsets) if and only if every non-zero
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vector is cyclic (resp., hypercyclic). Enflo [6] and Read [17] constructed
separable Banach spaces which support an operator without closed non-
trivial invariant subspaces. An operator without non-trivial invariant
subspaces on a nuclear Fre chet space was constructed by Atzmon [2]. For
more information we refer to the introduction of [9]. The main purpose of
this note is to show that the result claimed by Ansari does hold for
arbitrary Fre chet spaces. Moreover we analyze the hypercyclicity of
compact and bounded operators on Fre chet spaces and we include a
partial answer to the open problem 2 of [1]. An example of a complete
separable locally convex space (more precisely, an inductive limit of
Banach spaces) for which there is no supercyclic (in particular, no hyper-
cyclic) operator defined on it is also given.
Our notation for locally convex spaces is standard and we refer to
[14, 16]. The completion of a locally convex space E will be denoted by E .
Through the article an operator always means a continuous linear
operator. L(E) is the space of all operators T : E  E. The linear span of a
subset A of E is denoted by span(A). If A is an absolutely convex subset
of E and pA is the Minkowski functional of A, EA stands for span(A)
ker pA endowed with the norm induced by pA .
Theorem 1. Every separable infinite dimensional Fre chet space admits a
hypercyclic surjective operator.
Proof. It is well-known that the countable product of lines | :=KN,
endowed with the product topology, is a (separable) Fre chet space which
admits a hypercyclic operator. For instance the backward shift
T : |  |, T((x1 , x2 , x3 , ...)) :=(x2 , x3 , x4 , ...),
is hypercyclic. The proof is immediate by the Hypercyclicity Criterion (see
e.g. [9]). It suffices to find dense subsets X and Y of | (X=Y :=n # N K)
and a map S : Y  Y (S(( y1 , y2 , y3 , ...)) :=(0, y1 , y2 , ...)) such that (T n)n
converges pointwise to 0 on X, TSy= y and (Sny)n converges to 0 for each
y # Y. Accordingly we only have to prove the result for an infinite dimen-
sional separable Fre chet space E{|. The following result is of independent
interest.
Lemma 2. Let E be a separable infinite dimensional Fre chet space,
E{|. There are sequences (xn)n /E and ( fn)n /E$ such that
(i) (xn)n converges to 0 in E, and span[xn n # N] is dense in E.
(ii) ( fn)n is E-equicontinuous in E$.
(iii) (xn , fm) =0 if n{m and ((xn , fn) )n /]0, 1[.
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Proof. By a result of Metafune, Moscatelli [15, Corollary 1], there is a
dense subspace F of E which has a continuous norm p. We select a linearly
independent sequence ( yn)n in F whose linear span is dense in F (thus in
E). By a classical method of Klee (e.g. [16, Proof of 2.3.1]), applied to the
dual pair (F, (F, p)$), we determine sequences (zn)n /F, (um)m /(F, p)$
such that span[znn # N]=span[ yn n # N], (zn , um) =$n, m , n, m # N. For
each m there is Km1 such that |um(x)|Km p(x) for every x # F. There
is a continuous seminorm q on E whose restriction to F coincides with p.
Since F is dense in E, each um has a unique continuous extension to E,
which we denote again by um . Clearly, for each m, |um(x)|Kmq(x) for
every x # E. Accordingly [K &1m um m # N] is equicontinuous in E$. Since E
is metrizable, there is a sequence (:n)n /]0, 1[ such that xn :=:n zn , n # N,
converges to 0 in E. Setting fm :=K &1m um , m # N, we get (i)(ii)(iii). K
It is easy to see that sequences (xn)n /| and ( fn)n /|$ satisfying conditions
(ii) and (iii) of Lemma 2 do not exist (see [1, Problem 2]). Indeed, if there
were such sequences, there would exist m # N such that fn(x) only depends
on the first m coordinates of x for each n # N and x # |, by the equi-
continuity of ( fn)n . That is, if we denote by Pm : |  Km the projection
onto the first m coordinates and by Jm : Km  | the corresponding injection,
then fn(x)= fn(JmPm x) for each n # N and x # |. In particular, we would
obtain from (iii) that (Pmxn)n is linearly independent in Km, which is
impossible.
The next lemma exploits a very clever construction which is the main
step in Ansari’s proof. Our lemma improves and simplifies theorem 1
of [1].
Lemma 3. Let E be a locally convex space. Let (xn)n /E and ( fm)m /E$
satisfy the following conditions:
(a) (xn)n converges to 0 in E, and the closed absolutely convex hull B
of (xn)n satisfies that EB is a Banach space and EB is dense in E.
(b) ( fm)m is E-equicontinuous in E$.
(c) (xn , fm) =0 if n{m and ((xn , fn) )n is a bounded sequence in
]0, [.
Then the operator T : E  E,
Tx :=x+ :

n=1
2&n(x, fn+1) xn , x # E.
is hypercyclic, open, has closed range (hence is surjective) and has finite
dimensional kernel.
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Proof. By [16, 3.2.12 and 3.2.13] the closed absolutely convex hull B of
(xn)n is compact and coincides with
{ :

n=1
:nxn< :

n=1
|:n |1= .
Clearly T=idE+S, with Sx :=n=1 2
&n(x, fn+1) xn , x # E. The equi-
continuity of ( fn)n implies that S : E  E maps a 0-neighbourhood into a
relatively compact set. By [11, Ch. 5, Part 2, Section 2, Thm. 1], T is a
homomorphism (i.e. open onto the range) with closed range and finite
dimensional kernel. We define Q : l1  EB , Q((:j) j) := : jx j , which is
linear, continuous and surjective. By a result of Salas [18], the operator
T : l1  l1 , T ((:j) j) :=\:1+f2(x2)2 :2 , :2+
f3(x3)
22
:3 , ...+
is hypercyclic. Moreover TQ=QT on l1 . If e # l1 is an hypercyclic vector
of T on l1 , the set
[QT nen # N]=[T nQen # N]
is dense in EB . Since EB is dense in E, we conclude Qe is a hypercyclic
vector of T in E. Consequently the range of T (being closed and dense) is
E and T is surjective. K
To complete the proof of the Theorem 1, observe that the sequences
(xn)n /E, ( fm)m /E$ constructed in Lemma 2 satisfy all the assumptions
of Lemma 3, since E is complete. The operator T : E  E is hypercyclic and
surjective. K
Our Lemma 3 can be used to obtain hypercyclic operators on locally
convex spaces which are neither metrizable nor Baire. Also compare with
[1, Problem 3]. Operators defined on inductive limits of locally convex
algebras are considered in [7].
Proposition 4. Every Hausdorff countable inductive limit E=indnEn of
separable Banach spaces such that one of the steps En is dense in E admits
a hypercyclic operator.
Proof. We assume E1 is dense in E. It is enough to construct sequences
(xn)n /E and ( fm)m /E$ satisfying the assumptions of Lemma 3. Let ( yn)n
be a linearly independent sequence in E1 whose span is dense in E1 . By the
method of Klee applied to the dual pair (E1 , E$) we find sequences
(zn)n /E1 with span[zn n # N]=span[ yn n # N] and (um)m /E$ with
(zn , um)=$n, m , n, m # N. Multiplying by adequate positive constants
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xn :=:n zn converges to 0 in E1 . The closed absolutely convex hull B of
(xn)n (the closure taken in E1) is compact in E1 , hence in E. Consequently
the closures in E and E1 of the absolutely convex hull of (xn)n coincide and
EB is a Banach space contained in E1 and dense in E. Since the strong dual
E$b of E is metrizable and E is barrelled we can find positive constants
(;m)m such that fm :=;mum , m # N, satisfies the assumptions (b) and (c) of
Lemma 3. K
Remark 5. (1) We do not assume in Proposition 4 that the LB-space
E is complete. Accordingly our result implies that every weighted inductive
limit k0=indn c0(vn) of diagonal transforms of c0 admits a hypercyclic
operator. The space k0 need not be complete [4].
(2) It is enough to assume that the steps En are separable with
respect to the topology induced by the inductive limit E to conclude
Proposition 4. This is the case e.g. if E is the strong dual of any Fre chet
Montel space with a continuous norm: Indeed, E can be represented as an
LB-space E=indn En such that the unit ball of each En is a relatively
compact subset of E. Then En with the topology induced by E, as a countable
union of compact metrizable spaces, is separable.
(3) Other natural examples of spaces that satisfy the hypothesis of
Proposition 4 are the space lp& :=indq< p lq (1< p), and the space
H(K) of holomorphic germs on a compact subset K of CN.
The existence of hypercyclic operators on every separable Fre chet space
and Proposition 4 lead us to the following natural question: are there
hypercyclic operators on any (complete) separable locally convex space?
The answer to this question is negative. We find a complete locally convex
space E (in fact a complete, separable infinite dimensional LB-space E)
which admits no hypercyclic operator. This also gives a negative answer to
a question in [1, Problem 3]. In fact the space L(E) does not contain any
supercyclic operator. An operator T # L(E) is supercyclic if there is x # E
such that [*T nx* # K, n # N] is dense in E. In this case we say that x is
supercyclic for T.
Proposition 6. There are no supercyclic operators on the countable
direct sum . :=n # N K of copies of the scalar field.
Proof. Suppose T : .  . is an operator with supercyclic vector x # .
for T. Then * # K * Orb(T, x) is dense in ., and hence * # K *[T nxn1]
is also dense in .. Therefore span[T nxn1] is a dense subspace of ..
Every subspace of . is closed, since . carries the finest locally convex
topology. Accordingly .=span[T nxn1]. In particular, there are m # N
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and :1 , ..., :m # K (:m {0) such that x=mi=1 :iT
ix. Therefore T nx #
span[T kx0k<m] for each n # N. But this is a contradiction, since we
would get .=span[T nxn1]/span[T kx0k<m]. K
Observation 7. The space . is the strong dual of the Fre chet space |.
We are in the situation that, while there are many hypercyclic operators
on |, no hypercyclic operator can be defined on its dual. On the other
hand, there are cyclic operators T on .. An operator T is cyclic if
span[Orb(T, x)] is dense for some x. One just has to consider a basis
[vi i # N] of . and to define T : .  ., T(vi) :=vi+1 , i # N. A short glance
at the proof above shows that no operator T # L(.) admits a cyclic vector
x with x # Im T.
K. G. Gro?e-Erdmann [10] independently showed that there are no
hypercyclic operators on ..
In the last part of the article we study the existence (or non-existence) of
hypercyclic operators which are bounded, Montel or compact in general
locally convex spaces. We recall that, given a locally convex space E, an
operator T # L(E) is called bounded if it maps a 0-neighbourhood in E into
a bounded subset of E. Since every continuous operator on a Banach space
is bounded, we are only interested in bounded operators on non-normable
spaces. There are two natural extensions of the ideal of compact operators
on Banach spaces to the category of locally convex spaces. An operator T on
a locally convex space E is called Montel if it maps every bounded set into
a compact subset of E, while T is compact if it maps a 0-neighbourhood in
E into a compact subset of E. Every compact operator is Montel, and the
converse holds for Banach spaces, but not in general, as the identity on an
infinite-dimensional Fre chetMontel space shows. We refer to [5] for a
detailed study of these classes of operators and, in particular, for the coin-
cidence of Montel and compact operators.
A classical result of Kitai [13, Thm. 4.2] shows that compact operators
on complex Banach spaces are never hypercyclic. This is not the case for
supercyclic operators, as Hilden and Wallen [12] showed, since every
weighted backward shift on lp is supercyclic. We easily extend the result
of Kitai to the real case: Given a Banach space X over R and T # L(X )
compact, we denote by X and T their complexifications (X :=X+iX,
T (x+iy) :=Tx+iTy, x+iy # X ). Clearly T is also compact. If T is hyper-
cyclic, then the transpose T * of T does not have eigenvalues (suppose
* # C, z # X * are an eigenvalue and an eigenvector, respectively, of T * and
x # X is a hypercyclic vector of T, then [ |(T nx, z) |n # N] =[ |(T nx, z) |
n # N]=[ |(x, T *nz) |n # N]=[ |*n(x, z) |n # N] and, while the first set
is dense in R+, the latter is not which is a contradiction). Thus, since T *
is a compact operator without eigenvalues, we have _(T *)=[0] and then
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_(T )=[0], which yields the existence of n0 # N such that &T m&<1 for
mn0 , contradicting the hypercyclicity of T. We can generalize Kitai’s
result to real or complex locally convex spaces.
Proposition 8. No compact operator on a locally convex space is hyper-
cyclic.
Proof. Suppose T # L(E) compact and hypercyclic. We select an
absolutely convex 0-neighbourhood U in E such that T(U ) is relatively
compact. T induces the operator T : E U  E U on the Banach space E U , and
T is also compact. The hypercyclicity of T implies that T is also hyper-
cyclic, contradicting the result for Banach spaces. K
Proposition 8 cannot be extended to Montel operators: By Theorem 1
every infinite dimensional Fre chet Montel space admits a hypercyclic
operator. Such an operator clearly maps bounded sets into relatively
compact sets. Our final example shows that there exist bounded operators
on Fre chet spaces without a continuous norm which are hypercyclic.
Example 9. For 1 p<, there exists T : l Np  l
N
p bounded and
hypercyclic.
Proof. Let ( fn)n be a sequence of functions fn : N  N such that
(i) fn(1)>1 for each n # N,
(ii) fn is strictly increasing for each n # N,
(iii) fn(N) & fm(N)=< if n{m.
We fix *>1 and define Tn : lp  lp by Tn(z) :=(*zfn(k))k , for each z # lp
and n # N. The operator T is defined by T((xn)n) :=(Tn(x1))n for x :=
(xn)n # l Np . T is obviously bounded since &Tnz&p* &z&p for each z # lp and
n # N. To see that T is hypercyclic we use the Hypercyclicity Criterion [8]
and we show that (T m)m converges pointwise to 0 on the dense subspace
X :=(n # N K)N and that there exists a right inverse S of T on the dense
subspace Y :=n # N lp such that (S m)m converges pointwise to 0 on Y.
(1) limm T m(x )=0 for each x # X : If x # (n # N K)N, we find m # N
such that x1, k=0 for km, where x1, k is the k th coordinate of x1 . Then
x1, f1m(k)=0 for every k # N, as (i) and (ii) imply by induction that
f m1 (1)>m. This yields
T m1 (x1)=*
m(x1, f1m(k))k=0.
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We define now S : Y  Y by S( y ) :=(S ( y ), 0, 0, ...), where S : Y  lp is
defined as
S ( y ) :={S ( y )fn(k) :=
1
*
yn, k \k, n # N
S ( y ) j :=0 if j #  fn(N) \n # N
and we show
(2) T b S=idY and limm S m( y )=0 for every y # Y : If y =( yn)n #
n # N lp , then T(S( y ))=(Tn(S ( y )))n and we have
Tn(S ( y ))=(*S ( y ) fn(k))k=( yn, k)k=yn , \n # N.
Finally, if we fix M :=(n &yn& pp)
1p, then &S ( y )&pM* which implies
that &Sm( y )1&pM*m for every m # N, and we conclude that Sm( y )
converges to 0. K
For certain bounded operators T on a locally convex space E, the hyper-
cyclicity of T is equivalent to the hypercyclicity of an operator induced by
T on a normed space. This was suggested to us by [11, Prop. 5 on p. 199].
Assume there is an absolutely convex 0-neighbourhood U in E such that
B :=T(U ) is bounded and the linear span of B is dense in E. Let
T : EB  EB be the continuous linear map T x :=Tx, x # EB , defined on the
normed space EB . It is easy to see that T is hypercyclic if and only if T is
hypercyclic.
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